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Abstract

In this paper, we study bidder-side distributionally robust offline learning in repeated first-
price auctions. Using historical data collected under a baseline policy and only censored
transaction-price feedback, the bidder seeks a policy from a prescribed policy class that max-
imizes worst-case expected reward over all joint distributions within a Kullback–Leibler (KL)
divergence ball around a stationary nominal model. This formulation hedges against both co-
variate shifts in item features and opponent shifts in competitors’ behavior. We consider two
settings depending on whether the feature distribution is known (informative) or unknown (un-
informative). For each setting, we propose bidding policies based on specific estimates of the
competitors’ highest bids. We further derive a tractable dual reformulation via strong duality
and prove that the resulting policy achieves a robust sub-optimality gap of order O(T−1/2)
in the informative case for a general policy class. In the uninformative case, we obtain an
O(
√
(d+ 1)/T ) bound when the policy class has finite pseudo-dimension d. Finally, numerical

experiments illustrate the benefit and cost of robustness, learning from censored feedback, and
the effect of policy-class complexity.

1 Introduction

In the rapidly expanding realm of e-commerce, propelled by a surge across various sectors [1, 2, 3, 4,
5], digital advertising has emerged as the predominant force in today’s market. Historically, second-
price auctions, exemplified by the Vickrey auction [6], dominated the online ad auction landscape
due to their truthfulness. However, to simplify the auction process and improve transparency for
market participants, major ad exchanges like Google, AppNexus, Index Exchange, and OpenX
transitioned to first-price auctions by 2019 [7, 8, 9]. This structural shift has sparked a surge of
interest in bidder-side learning under first-price auctions, where bidders must strategically shade
their bids below their true valuations to optimize outcomes.

We study a contextual first-price auction model from a robust optimization perspective. At
each round, the bidder observes a context, assigns a value to the impression, and submits a bid.
The bidder’s reward depends on the distribution of the highest competing bid, but this distribution
is unknown. The key difficulty is informational: after each auction, the bidder observes only the
transaction price, so the highest competing bid is revealed only when she loses. This censored
feedback is richer than pure win/loss bandit feedback [10], but substantially weaker than full bid
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revelation, and it prevents direct empirical estimation of the highest competing bid distribution;
see also [11] for learning under censored transaction-price feedback.

Our goal is not to model fully adversarial or nonstationary dynamics as in [12, 13, 14, 15].
Instead, we consider a practically common offline-learning situation: a bidder has historical data
generated under a nominal stationary environment, but the deployment environment may differ
moderately because the traffic mix, competing bidders, or context distribution changes. A similar
motivation underlies distributionally robust contextual bandits [16], where policies learned from
historical data can fail when the future environment differs from the past one. We therefore seek a
policy that is robust to moderate misspecification of the nominal model.

Main Contributions. We study an offline contextual bidder-side learning problem in repeated
first-price auctions. Given historical observations collected under a baseline policy, the learner
outputs a robust optimal bidding policy from a prescribed candidate class, whose performance is
measured by the distributionally robust sub-optimality gap to the best policy. Building on the
strong duality of [17], we demonstrate that the worst-case value of a fixed policy reduces to a one-
dimensional dual optimization in Lemma 1. This turns the original infinite-dimensional minimax
problem into a statistical estimation problem under censored transaction price feedback, where the
main challenge is recovering the competing bid distribution.

We consider two settings in this paper. In the informative case, where the context distribution
is known, we construct a clipped ratio estimator of winning probabilities and, under the stated cov-
erage and zero-reward-mass assumptions, prove the learned policy achieves a robust sub-optimality
gap of O(T−1/2) in Theorem 1. In the uninformative case, where the context distribution is un-
known, we leverage the empirical bid CDF under the baseline policy to establish an O(

√
(d+ 1)/T )

sub-optimality bound for policy classes with finite pseudo-dimension d in Theorem 2.
Related work. Bidder-side first-price auction learning. The closest theoretical comparators

study bidder-side learning under bandit or adversarial models: contextual bandits with cross-
learning [10], stochastic censored-feedback learning [11], hint-assisted bidding [13], and contextual
bidding under stochastic or adversarial competition [12, 18, 19]. All target low nominal regret
under bandit or adversarial uncertainty; none imposes a KL-robustness constraint on a stationary
nominal model. Non-stationary and dynamic-pricing models [14, 15, 20, 21] address temporal drift
rather than distributional misspecification, and are thus orthogonal to our setting.

Robust mechanism design and pricing. Mohri and Medina [22] study reserve-price learning in
second-price auctions with full bid information; Golrezaei et al. [23] studies seller-side robust reserve
pricing in repeated contextual second-price auctions; and Si et al. [16] study offline distributionally
robust batch contextual bandits under environment shift. The closest first-price robustness paper
is [24], which develops KL-based robust bid shading under limited feedback; in contrast, we analyze
a policy class and provide nonasymptotic sub-optimality guarantees for a KL-DRO objective.

Independence and contextual competition. A common competing-bid distribution is also used by
Han et al. [11]; Kumar and Mouchtaki [25] explicitly assume independence between competition and
the bidder’s value–bid pair. Our nominal independence assumption is appropriate when x represents
bidder-private information within a fixed public market segment; it need not hold across pooled
segments. In contrast, [19, 26] model competition through a linear signal and noise, estimatingG(u |
x) = Fϵ(u − θ⊤x). These settings require conditional-distribution estimation; our ratio identity
L = Hπ0G addresses a common marginal G and generally fails without nominal independence.
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2 Model and Dual Reformulation

2.1 Model Setup

We study an offline contextual first-price auction problem under a stationary nominal model.
Suppose a dataset of T observations is collected under a baseline policy π0. At each round
t = 1, 2, . . . , T , an impression arrives with feature xt ∈ X and associated value v(xt) ∈ [0, 1],
where {xt}Tt=1 are drawn i.i.d. from a distribution Q and the value function v : X → [0, 1] is as-
sumed known. Given the feature xt, the bidder submits a bid bt = π0(xt), where π0 : X → [0, 1]
is the baseline policy. Let mt ∈ [0, 1] denote the highest competing bid at round t, where {mt}Tt=1

are drawn i.i.d. from an unknown distribution P , independently of {xt}Tt=1. The platform runs a
first-price auction: the bidder wins if and only if bt ≥ mt, in which case she pays bt; otherwise she
loses and pays nothing. Crucially, the bidder does not observe mt directly; she observes only the
censored transaction price yt := max{bt,mt}.

Policies and Rewards. To avoid negative payoffs, we consider a policy class Π such that

0 ≤ π(x) ≤ v(x) ≤ 1, ∀π ∈ Π, ∀x ∈ X .

For any policy π ∈ Π, the realized reward is defined as

rπ(x,m) := (v(x)− π(x))1π(x)≥m. (1)

Under the nominal joint distribution J = Q× P , the expected reward is given by

r̄(π) := E(x,m)∼J [rπ(x,m)] = Ex∼Q

[
(v(x)− π(x))G(π(x))

]
, (2)

where G(u) := Pm∼P (m ≤ u) for u ∈ [0, 1] is the CDF of the highest competing bid.
The Censored CDF Identity. Evaluating this nominal reward requires knowledge of G(·),

which is unknown. To bridge the gap between the unobserved G and our censored dataset DT , we
define the bid CDF induced by a generic policy π as Hπ(u) := P(π(x) ≤ u) = Ex∼Q1π(x)≤u, and
define the CDF of the observed transaction price under the baseline policy π0 as L(u) := P(yt ≤ u).
Since yt = max{π0(xt),mt} and xt is independent of mt, we establish the key identity:

L(u) = P(π0(xt) ≤ u,mt ≤ u) = Hπ0(u)G(u). (3)

This relation forms the foundation for estimating G(·). The corresponding empirical CDFs derived
from DT are

LT (u) :=
1

T

T∑
t=1

1yt≤u, Hπ0
T (u) :=

1

T

T∑
t=1

1bt≤u. (4)

Distributionally Robust Objective. To safely leverage these empirical estimates while
hedging against misspecification of the nominal model J , we adopt a KL-based distributionally
robust optimization framework. For a fixed radius ρ ≥ 0, we define the ambiguity set as

Uρ(J) := {J ′ ≪ J : DKL(J
′∥J) ≤ ρ}.

Only the nominal center J = Q×P is required to factorize. Alternative laws J ′ may be dependent;
the factorization in the dual expectation below uses only the nominal law J . For each policy π ∈ Π,
its worst-case expected value over this ambiguity set is

V (π) := inf
J ′∈Uρ(J)

E(x,m)∼J ′ [rπ(x,m)], (5)
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and the distributionally robust optimal policy is

πDR ∈ argmax
π∈Π

V (π). (6)

Given the historical dataset DT , our learning algorithm outputs a candidate policy π̂T ∈ Π.
The performance of this learned policy is evaluated via its DRO sub-optimality gap,

RDRO(π̂T ) := V (πDR)− V (π̂T ), (7)

which is strictly nonnegative by the optimality of πDR.

2.2 Strong Duality

The minimization in (5) is infinite-dimensional and is hard to analyze directly. By using the KL-
divergence properties established in [17], we can reduce this original formulation to a tractable,
one-dimensional concave maximization problem. Applying this strong duality to our framework
yields the following result.

Lemma 1 (Strong Duality). For any policy π ∈ Π,

V (π) = sup
α≥0

{
−α logE(x,m)∼J

[
exp

(
−rπ(x,m)

α

)]
− αρ

}
=sup

α≥0

{
−α log

(
1− ϕ(α, π)

)
− αρ

}
,

where the dual index is defined as

ϕ(α, π) := Ex∼Q

[
G(π(x))

(
1− exp

(
−v(x)− π(x)

α

))]
. (8)

At α = 0, the dual objective is interpreted by its limit, ess infJ rπ. For ρ = 0, the supremum
equals the nominal mean reward. We use the same endpoint convention for estimated reward laws
below.

Denoting the dual objective by

φ(α, π) := −α log
(
1− ϕ(α, π)

)
− αρ, (9)

Lemma 1 effectively reduces the original DRO problem to a one-dimensional dual maximization for
each fixed policy. Consequently, the distributionally robust optimal policy is given by:

πDR ∈ argmax
π∈Π

sup
α≥0

φ(α, π). (10)

The remaining challenge is statistical. Because the competing bid CDF G(·) is unknown, the dual
index ϕ(α, π) and hence the dual objective φ(α, π) must be estimated from the censored dataset
DT .
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2.3 Generic Sub-optimality Bound

Let φest
T (α, π) denote a data-driven estimator of the dual objective φ(α, π) constructed from DT .

The learned policy is obtained via empirical maximization:

π̂T ∈ argmax
π∈Π

sup
α≥0

φest
T (α, π). (11)

In Section 3, φest
T will be instantiated by the informative estimator φ̂T , while in Section 4 it will be

replaced by the uninformative estimator φ̌T .
By (10), (7), and the optimality of π̂T for the estimated objective, we derive the standard

sub-optimality decomposition:

RDRO(π̂T ) = sup
π∈Π

sup
α≥0

φ(α, π)− sup
α≥0

φ(α, π̂T )

≤ sup
π∈Π

sup
α≥0

φ(α, π)− sup
α≥0

φest
T (α, π̂T )

+ sup
α≥0

φest
T (α, π̂T )− sup

α≥0
φ(α, π̂T )

≤ 2 sup
π∈Π

sup
α≥0

∣∣φest
T (α, π)− φ(α, π)

∣∣ . (12)

Thus, bounding the DRO sub-optimality gap reduces to establishing a uniform convergence bound
for the estimated dual objective over Π× [0,∞).

3 The Informative Case

We first consider the informative case, where the context distribution Q is known. In this setting,
the bid CDF induced by the baseline policy is available, so the main task is to estimate the
competing bid CDF G from censored transaction-price data.

3.1 Estimating G When Q Is Known

Since Q is known, the bidder has access to the CDF of the baseline bid:

Hπ0(u) = Ex∼Q1π0(x)≤u, u ∈ [0, 1]. (13)

The only unknown in the dual objective (9) is G(·). Direct empirical estimation of G is infeasible
because mt is not observed every round; however, by (3), the transaction-price CDF satisfies
L(u) = Hπ0(u)G(u), which suggests a ratio estimator.

We first show that the empirical transaction price CDF, LT (·) from (4), provides an unbiased
estimator.

Lemma 2 (Unbiased Transaction-Price CDF). For each u ∈ [0, 1], we have

E[LT (u)] = L(u) = Hπ0(u)G(u).

Since Hπ0(·) is known in the informative setting, we then define the bounded estimate for G(·)
as:

ĜT (u) := clip

(
LT (u)

Hπ0(u)
, 0, 1

)
. (14)
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Here clip(z, 0, 1) := min{1,max{0, z}}. Clipping prevents values above one and cannot increase
the estimation error. To ensure that its denominator is bounded away from zero, we impose the
following assumption.

Assumption 1. Suppose there is a known constant 0 < ε0 ≤ 1 such that Hπ0(0) ≥ ε0.

Assumption 2. There is a constant κ > 0 such that infπ∈Π PJ(rπ = 0) ≥ κ.

Remark 1. Assumption 1 ensures Hπ0(u) ≥ ε0 for all u ∈ [0, 1], providing coverage for estimating
G; it plays a role analogous to the overlap condition in [16, Assumption 1.2]. Assumption 2 controls
the stability of the KL-robust value through a uniform lower bound on zero-reward mass. Related
positivity conditions are used in [16, Assumption 2.2 and Lemma 6], which lower-bound conditional
probabilities at every point of a finite reward support; here only the unconditional mass at zero is
required.

3.2 Learning Rule

Substituting the estimator ĜT into (8), we construct the empirical dual index:

ϕ̂T (α, π) := Ex∼Q

[
ĜT (π(x))

(
1− exp

(
−v(x)− π(x)

α

))]
. (15)

The corresponding estimated dual objective is

φ̂T (α, π) := −α log
(
1− ϕ̂T (α, π)

)
− αρ. (16)

The complete procedure for identifying the optimal robust policy in the informative setting is
summarized in Algorithm 1.

Algorithm 1 Informative-Case Robust Bidding Policy

1: Input: Dataset DT = {(xt, bt, yt)}Tt=1, policy class Π, feature distribution Q, radius ρ.
2: Compute LT (u) by (4) and Hπ0(u) by (13).
3: Compute the clipped estimate ĜT (u) by (14).
4: for each π ∈ Π do
5: Form ϕ̂T (α, π) by (15) and φ̂T (α, π) by (16).
6: Compute V̂T (π) = supα≥0 φ̂T (α, π).
7: end for
8: return π̂T ∈ argmaxπ∈Π V̂T (π)

3.3 Sub-optimality Bound

To sharpen the bound in (12), we introduce auxiliary reward laws. For a fixed policy π ∈ Π, let
P π denote the distribution of rπ(x,m) under the nominal model J = Q × P . Since rπ(x,m) =
(v(x)−π(x))1π(x)≥m, the reward takes value 0 when π(x) < m and value v(x)−π(x) when π(x) ≥ m.
Therefore, the CDF of P π, for u ∈ [0, 1], is given by

FPπ(u) := P(rπ(x,m) ≤ u)

= 1− Ex∼Q

[
G(π(x))1v(x)−π(x)>u

]
. (17)
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Since ĜT need not be a CDF, define the reward law directly:

P̂ π = Ex∼Q

[
(1− ĜT (π(x)))δ0 + ĜT (π(x))δv(x)−π(x)

]
.

Its CDF, for u ∈ [0, 1], is

FP̂π(u) := 1− Ex∼Q

[
ĜT (π(x))1v(x)−π(x)>u

]
. (18)

The next lemma rewrites the dual objectives in terms of these auxiliary reward distributions
and reduces the sub-optimality analysis to a uniform bound on the CDF estimation gap.

Lemma 3 (Informative-Case Sub-optimality Reduction). Suppose P π and P̂ π are defined by (17)–
(18). Then, it holds that

φ(α, π) = −α logEr∼Pπ exp (−r/α)− αρ, (19)

φ̂T (α, π) = −α logEr∼P̂π exp (−r/α)− αρ. (20)

Moreover, for the learning policy π̂T ∈ Π obtained by Algorithm 1, under Assumption 2, we have

RDRO(π̂T ) ≤
4

κ
sup
π∈Π

sup
u∈[0,1]

|FP̂π(u)− FPπ(u)|. (21)

This reformulation allows us to use tools from statistical learning, such as Rademacher com-
plexity, to derive tight sub-optimality bounds. Theorem 1 offers a specific result based on this
approach.

Theorem 1 (Informative-Case Sub-optimality Bound). For any policy class Π, suppose that As-
sumptions 1 and 2 hold. Then,

RDRO(π̂T ) ≤
4

κ

[
1

ε0
√
T

+ δ

]
,

with probability at least 1− exp(−Tε20δ
2/2), for any δ ≥ 0.

Proof Sketch. By Lemma 3, bounding the sub-optimality gap reduces to controlling the uniform
CDF gap in (21). From (17)–(18), we have

sup
π∈Π

sup
u∈[0,1]

∣∣FP̂π(u)− FPπ(u)
∣∣ ≤ sup

s∈[0,1]

∣∣∣ĜT (s)−G(s)
∣∣∣ .

By Assumption 1 and the monotonicity of Hπ0 ,

sup
s∈[0,1]

∣∣∣ĜT (s)−G(s)
∣∣∣ ≤ 1

ε0
sup

s∈[0,1]
|LT (s)− L(s)| .

The final term is the uniform deviation over the threshold function class Fπ0,1 := {(x, b, y) 7→
1y≤u : u ∈ [0, 1]}. Because Fπ0,1 has a finite Vapnik-Chervonenkis (VC) dimension, standard
symmetrization arguments [27, Theorem 4.10] bound this uniform deviation by a multiple of
its Rademacher complexity, RT (Fπ0,1). Applying the VC property [27, Example 5.24] yields
RT (Fπ0,1) = O(T−1/2). For an explicit constant, the Dvoretzky–Kiefer–Wolfowitz inequality [28]
gives

P
(
∥LT − L∥∞ >

1√
T

+ ε0δ

)
≤ 2e−2(1+

√
Tε0δ)2 ≤ e−Tε20δ

2/2.

Combining this with the preceding bounds proves the theorem.
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4 The Uninformative Case

In this section, we consider an uninformative setting where the bidder lacks knowledge of the
feature’s distribution Q. Consequently, both Hπ0 and G must be estimated from the same censored
sample, introducing an extra layer of statistical error compared to the informative case.

4.1 Estimating Hπ0 and G When Q Is Unknown

Since Hπ0(·) cannot be computed without Q, we replace it by the empirical bid CDF

Hπ0
T (u) :=

1

T

T∑
t=1

1bt≤u. (22)

It is easy to verify that Hπ0
T (·) serves as an unbiased estimate of Hπ0(·). In addition, we adopt

the same unbiased estimate LT (u) = 1
T

∑T
t=1 1yt≤u for Hπ0(·)G(·) as defined in (3). Then, we

construct a bounded estimate of G(·) by protecting the denominator of the ratio of these two
empirical distributions. Specifically, we define ǦT (·) as:

ǦT (u) :=
LT (u)

max{Hπ0
T (u), ε0}

. (23)

The ratio (23) is generally biased, and both the numerator and the denominator are random.
Its analysis requires separate control of the errors in LT and Hπ0

T . We use the population coverage
bound in Assumption 1, so that

max{Hπ0
T (u), ε0} ≥ ε0, u ∈ [0, 1]. (24)

Moreover, because yt ≤ u implies bt ≤ u, we have LT (u) ≤ Hπ0
T (u), and hence ǦT (u) ∈ [0, 1].

4.2 Learning Rule

Using (23) and the empirical context distribution, we define the estimated dual index as

ϕ̌T (α, π) :=
1

T

T∑
t=1

ǦT (π(xt))

(
1− exp

(
−v(xt)− π(xt)

α

))
. (25)

The corresponding estimated dual objective is given by

φ̌T (α, π) := −α log
(
1− ϕ̌T (α, π)

)
− αρ. (26)

We summarize the complete procedure for identifying the optimal robust policy in Algorithm 2.

4.3 Sub-optimality Bound

Using the same method to bound the sub-optimality gap (12), we first introduce the distribution
P̂ π
T to reformulate the dual function φ̌T (α, π). Define the valid reward mixture

P̂ π
T =

1

T

T∑
t=1

[
(1− ǦT (π(xt)))δ0 + ǦT (π(xt))δv(xt)−π(xt)

]
.
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Algorithm 2 Uninformative-Case Robust Bidding Policy

1: Input: Dataset {(xt, bt, yt)}Tt=1, policy class Π, known coverage lower bound ε0, radius ρ.
2: Compute LT (u) by (4) and Hπ0

T (u) by (22).
3: Compute the protected ratio ǦT (u) by (23).
4: for each π ∈ Π do
5: Form φ̌T (α, π) by (26) and ϕ̌T (α, π) by (25).
6: Compute V̌T (π) = supα≥0 φ̌T (α, π).
7: end for
8: return π̂T = argmaxπ∈Π V̌T (π).

Its CDF for u ∈ [0, 1] is

FP̂π
T
(u) = 1− 1

T

T∑
t=1

ǦT (π(xt))1v(xt)−π(xt)>u. (27)

Furthermore, to facilitate further analysis, we introduce an auxiliary distribution P π
T on [0, 1], whose

CDF is defined as

FPπ
T
(u) : =

1

T

T∑
t=1

Em∼P1rπ(xt,m)≤u

= 1− 1

T

T∑
t=1

G(π(xt))1v(xt)−π(xt)>u. (28)

The following lemma reformulates the estimated dual objectives in terms of P̂ π
T and decomposes

the sub-optimality gap into two terms.

Lemma 4 (Uninformative-Case Sub-optimality Decomposition). Suppose that P π, P̂ π
T and P π

T are
defined in (17), (27) and (28), respectively. Then, it holds that

φ(α, π) = −α logEr∼Pπ exp (−r/α)− αρ,

φ̌T (α, π) = −α logEr∼P̂π
T
exp (−r/α)− αρ. (29)

Moreover, for the learning policy π̂T ∈ Π obtained by Algorithm 2, under Assumption 2, we have

RDRO(π̂T ) ≤
4

κ
sup
π∈Π

sup
u∈[0,1]

|FP̂π
T
(u)− FPπ(u)|

≤ 4

κ
sup
π∈Π

sup
u∈[0,1]

|FP̂π
T
(u)− FPπ

T
(u)| (30)

+
4

κ
sup
π∈Π

sup
u∈[0,1]

|FPπ
T
(u)− FPπ(u)|. (31)

Lemma 4 makes clear why the uninformative case is harder than the informative one. The first
term in (30) measures the estimation error induced by the empirical ratio estimator ǦT , and the
second term in (31) captures the approximation error of P π

T to P π.
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Theorem 2 (Uninformative-Case Sub-optimality Bound). Suppose Assumptions 1 and 2 hold, and
the policy class Π has finite pseudo-dimension d = Pdim(Π). Then, for a universal constant C > 0,

RDRO(π̂T ) ≤
4

κ

[
2

ε0
√
T

+ 2C

√
d+ 1

T
+ 3δ

]
, (32)

with probability at least 1− exp(−Tδ2/2)− exp(−Tε20δ
2/2), for any δ ≥ 0.

Proof Sketch. Using the exponential moments in Lemma 4, we separately control the estimation
error of G and the empirical context error. For the first term, Assumption 1 and the denominator
protection in (24) give

|ǦT (u)−G(u)| ≤ 1

ε0

(
|LT (u)− L(u)|+ |Hπ0

T (u)−Hπ0(u)|
)
.

The two empirical CDF errors are O(T−1/2). For the second term, the reward class has pseudo-
dimension at most 5d. A covering-number bound and Dudley’s entropy integral giveO(

√
(d+ 1)/T )

control. Combining these bounds with the dual stability factor 4/κ proves the result. The full proof
is given in Appendix C.2.

5 Numerical Studies

We illustrate the benefit of robust learning, its convergence, and the effect of policy-class complexity.
Let x = (s, z), where s is uniform on sj = (j+1/2)/16, j = 0, . . . , 15, and z ∼ U [0, 1] is independent.
Set v(x) = s and let the independent competing bid have CDF G(u) = 0.5u+ 0.5u4 on [0, 1]. The
logging policy π0(s, z) = 0.8s1{z > 0.1} bids zero with probability 0.1 and otherwise bids 0.8s.
Partitioning [0, 1] into K equal-width intervals I1, . . . , IK , we use

ΠK = {πθ(s, z) = θℓs for s ∈ Iℓ : θ ∈ [0.1, 0.9]K}, K ∈ {1, 2, 4, 8, 16}.

These nested classes have Pdim(ΠK) = K. Since Hπ0(0) = 0.1 and PJ(rπ = 0) ≥ 1 − G(0.9) =
0.22195, Assumptions 1 and 2 hold with ε0 = 0.1 and κ = 0.2. We report means over 100
independent runs in Experiments 1 and 3 and 200 in Experiment 2, with error bars indicating
approximate 95% confidence intervals for the mean. All methods use the same logs within each
run. Learned policies are evaluated under the true model.

Experiment 1: robust performance versus ambiguity radius. We fix T = 1000 and
K = 4 and vary ρ ∈ {0, 0.02, 0.04, 0.06, 0.08, 0.1}. For each log, the nominal learner is trained once
at ρ = 0, whereas the uninformative DRO learner is trained separately at each radius. Both are
evaluated by the true robust value at the same radius, denoted by Vρ. Figure 1 shows that the
curves coincide at ρ = 0, while DRO has a higher mean robust value at every tested positive radius.
At ρ = 0.1, the values are 0.009440 for DRO and 0.004294 for nominal learning. This protection
has a nominal cost: their expected rewards under J are 0.035275 and 0.044138, respectively.

Experiment 2: learning from censored feedback. FixingK = 4 and ρ = 0.25, we compare
the informative and uninformative learners at T ∈ {100, 250, 500, 1000, 2000, 5000}. Figure 2 reports
V ∗
K − V (π̂), where V ∗

K = supπ∈ΠK
V (π) for the stated radius. Both mean sub-optimality gaps

decrease as T increases. The informative learner exhibits smaller mean gaps at the smaller sample
sizes, while the two methods achieve comparable performance with more data.
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Experiment 3: policy-class complexity. For the uninformative learner with ρ = 0.1, we
vary K and compare T ∈ {100, 1000, 10000}. All classes are evaluated against the same reference
V ∗
16, so the plotted gap V ∗

16 − V (π̂K) reflects both the expressiveness of the class and finite-sample
learning error. Figure 3 illustrates the trade-off between policy expressiveness and finite-sample
learning error. Simpler classes achieve smaller gaps when data are limited, whereas richer classes
become more effective as the sample size increases.
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6 Conclusion

We have proposed KL-distributionally robust bidding policies for repeated first-price auctions under
censored transaction-price feedback. By combining a strong-duality reduction with bounded ratio
estimation, our algorithms achieve, under the stated coverage and zero-reward-mass assumptions,
O(T−1/2) DRO sub-optimality gap when the feature distribution Q is known, and O(

√
(d+ 1)/T )

when Q is unknown and the policy class has finite pseudo-dimension d. Numerical experiments
illustrate the benefit and nominal cost of robustness, learning from censored feedback, and the
effect of policy-class complexity. An important extension is to allow the highest competing bid to
depend on the context. In that case, the nominal model no longer factorizes as J = Q × P , and
the relevant object becomes a conditional CDF G(· | x) rather than a single marginal bid CDF, so
the ratio-based estimation and analysis developed here do not directly extend.

A Proofs in Section 2

A.1 Proof of Lemma 1

Proof. We first prove that

V (π) = inf
DKL(J ′∥J)≤ρ

E(x,m)∼J ′ rπ(x,m) = sup
α≥0

{
−α logE(x,m)∼J [exp(−rπ(x,m)/α)]− αρ

}
,

which follows [17, Theorems 1–2].

Theorem 3 ([17], Theorems 1–2). Suppose for every x ∈ X, set S = {s ∈ R : s > 0,MH(s) =
EP0 [e

sH(x,ξ)] < +∞} is a nonempty set. Then, for a positive KL radius, problem (33)

max
P∈P

EP [H(x, ξ)] , (33)

11



is equivalent to the following one-layer optimization problem

min
α≥0

hx(α) := α logEP0

[
eH(x,ξ)/α

]
+ αη, (34)

where P = {P ∈ D : DKL(P∥P0) ≤ η} , ξ denotes the vector of parameters, and x is the vector of
decision variables.

Since E(x,m)∼J [e
−srπ(x,m)] ≤ 1 < +∞ for 0 < s < +∞, the set S is nonempty. Apply the

Theorem 3 to our setting, where H(x, ξ) = −rπ(x,m) = −(v(x)− π(x))1π(x)≥m, P = J ′, P0 = J ,
we have

inf
DKL(J ′∥J)≤ρ

E(x,m)∼J ′ rπ(x,m) = − sup
DKL(J ′∥J)≤ρ

E(x,m)∼J ′ − rπ(x,m)

= − inf
α≥0

{
α logE(x,m)∼J [exp(−rπ(x,m)/α)] + αρ

}
= sup

α≥0

{
−α logE(x,m)∼J [exp(−rπ(x,m)/α)]− αρ

}
.

The second equation holds because

E(x,m)∼J [exp (−rπ(x,m)/α)] = Ex∼QEm∼P

[
exp

(
−
(v(x)− π(x))1π(x)≥m

α

)]
= Ex∼QEm∼P

[
exp

(
−
(v(x)− π(x))1π(x)≥m

α

)
(1π(x)≥m + 1π(x)<m)

]
= Ex∼QEm∼P

[
exp

(
−v(x)− π(x)

α

)
1π(x)≥m + 1π(x)<m

]
= Ex∼Q

[
exp

(
−v(x)− π(x)

α

)
G(π(x)) + 1−G(π(x))

]
= Ex∼Q

[
1−G(π(x))

(
1− exp

(
−v(x)− π(x)

α

))]
,

where the first equation follows from the definition of rπ(x,m) , the second equation expands
1 as 1π(x)≥m + 1π(x)<m, the third equation results from simple computations: (1π(x)≥m)2 =
1π(x)≥m, 1π(x)≥m1π(x)<m = 0, and the fourth equation follows the definition of CDF, G(π(x)) =
Em∼P1m≤π(x). For ρ = 0, the ambiguity set contains only J and the dual supremum equals EJrπ
by taking α → ∞. The α ↓ 0 limit is the essential infimum of the bounded reward.

B Proofs in Section 3

B.1 Proof of Lemma 2.

Proof. For every u, independence of the logging bid b and competing bid m gives

P(max{b,m} ≤ u) = P(b ≤ u,m ≤ u) = Hπ0(u)G(u).

Taking expectations of the empirical indicators yields ELT (u) = L(u) = Hπ0(u)G(u). This argu-
ment also applies to CDFs with atoms and randomized logging.
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B.2 Proof of Lemma 3

We first prove the reformulation of two dual functions and then apply them to establish an upper
bound of the regret of the learning policy.

Reformulation of Dual Functions. To prove equation (19), note that

Pr∼Pπ(r ≤ u) = FPπ(u) = E(x,m)∼J1rπ(x,m)≤u = P(x,m)∼J(rπ(x,m) ≤ u),

which implies that
Er∼Pπ exp (−r/α) = E(x,m)∼J [exp (−rπ(x,m)/α)] .

Then, using Lemma 1, we obtain that

φ(α, π) = −α logE(x,m)∼J [exp (−rπ(x,m)/α)]− αρ

= −α logEr∼Pπ exp (−r/α)− αρ.

For equation (20), the direct reward mixture gives

Er∼P̂πe
−r/α = EQ[1− ĜT (π(x)) + ĜT (π(x))e

−(v(x)−π(x))/α] = 1− ϕ̂T (α, π).

Substituting this identity into (16) proves the claim.

Upper Bound of the Regret. By the policy comparison (12),

RDRO(π̂T ) ≤ 2 sup
π∈Π

sup
α≥0

|φ̂T (α, π)− φ(α, π)|. (35)

It remains to control the exponential moments uniformly in α. For two reward CDFs F, F̃ on [0, 1],
put ∆ = ∥F − F̃∥∞ and MF (α) = EF e

−r/α. Tonelli’s theorem gives

MF (α) = e−1/α +
1

α

∫ 1

0
e−u/αF (u) du,

so |MF − M
F̃
| ≤ (1 − e−1/α)∆. Suppose F (0) ≥ κ. If ∆ ≤ κ/2, then F̃ (0) ≥ κ/2 and both

exponential moments are at least κ/2. Thus

α| logMF − logM
F̃
| ≤ 2α(1− e−1/α)

κ
∆ ≤ 2

κ
∆.

If ∆ > κ/2, both entropic values −α logM lie in [0, 1], so their difference is at most 1 < 2∆/κ. The
same bound holds at α = 0 by taking limits. This proof allows both atoms and continuous reward
components. Applying it with F = FPπ and F̃ = FP̂π , and using Assumption 2 in (35), yields

RDRO(π̂T ) ≤
4

κ
sup
π∈Π

∥FP̂π − FPπ∥∞. (36)

The coefficient 4/κ is independent of the sample and the dual optimizer.
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B.3 Proof of Theorem 1

To prove Theorem 1, we analyze the bounds on the distance between two cumulative distri-
bution functions (CDFs). Specifically, we are interested in deriving an upper bound for term
supπ∈Π supu∈[0,1] |FP̂π(u)− FPπ(u)|. Expanding it, we have

sup
π∈Π

sup
u∈[0,1]

∣∣FP̂π(u)− FPπ(u)
∣∣ = sup

π∈Π
sup

u∈[0,1]

∣∣∣Ex∼Q

[
(ĜT (π(x))−G(π(x)))1v(x)−π(x)>u

]∣∣∣
≤ sup

π∈Π
Ex∼Q

∣∣∣ĜT (π(x))−G(π(x))
∣∣∣

≤ sup
u∈[0,1]

∣∣∣ĜT (u)−G(u)
∣∣∣

The first inequality follows from |E[Z1A]| ≤ E|Z|. The second inequality holds because π(x) ∈ [0, 1]
for x ∼ Q and π ∈ Π , which implies that

sup
π∈Π

Ex∼Q

∣∣∣[ĜT (π(x))−G(π(x))
]∣∣∣ ≤ sup

π∈Π
sup
x

∣∣∣ĜT (π(x))−G(π(x))
∣∣∣ ≤ sup

u∈[0,1]

∣∣∣ĜT (u)−G(u)
∣∣∣ .

Additionally, clipping cannot increase the error from G(u) ∈ [0, 1]. By the definition of ĜT (u)
and Lemma 2, we have that

sup
u∈[0,1]

|ĜT (u)−G(u)| ≤ sup
u∈[0,1]

∣∣∣∣∣ 1

Hπ0(u)

[
1

T

T∑
t=1

1max{mt,bt}≤u − E(x,m)∼J

[
1max{m,b}≤u

]]∣∣∣∣∣
= sup

u∈[0,1]

∣∣∣∣ 1

Hπ0(u)
[LT (u)− L(u)]

∣∣∣∣ .
If Assumption 1 holds, i.e. Hπ0(0) ≥ ε0 is satisfied, then it follows that

sup
u∈[0,1]

|ĜT (u)−G(u)| ≤ 1

ε0
sup

u∈[0,1]
|LT (u)− L(u)| ,

which implies that

sup
π∈Π

sup
u∈[0,1]

∣∣FP̂π(u)− FPπ(u)
∣∣ ≤ 1

ε0
sup

u∈[0,1]
|LT (u)− L(u)| . (37)

Therefore, we consider the function class Fπ0,1 =
{
fu(x) = 1max{m,b}≤u;u ∈ [0, 1]

}
, and analyze

its Rademacher complexity to derive an upper bound for the term supu∈[0,1] |LT (u)− L(u)|. In
the following, we first introduce key definitions and lemmas related to Rademacher complexity and
then apply them to derive the desired bounds for our specific case.

B.3.1 Auxiliary Lemmas

A key quantity in the subsequent analysis is the Rademacher complexity of the function class F .
Let xn

1 := {x1, . . . , xn} be a sample of points and consider a function class F . Then, the empirical
Rademacher complexity of F (xn

1 ) is given by

R (F (xn
1 )/n) := Eε

[
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

εif(xi)

∣∣∣∣∣
]
, (38)
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where F (xn
1 ) := {(f(x1), . . . , f(xn)) | f ∈ F}, and εi are i.i.d. Rademacher variables (taking

values 1 and −1 with equal probability 1
2 each).

Note that the empirical Rademacher complexity R (F (xn
1 )/n) is a random variable. Taking its

expectation yields the Rademacher complexity of the function class F

Rn(F ) := Ex[R (F (xn
1 )/n)] = Ex,ε

[
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

εif(xi)

∣∣∣∣∣
]
. (39)

We now consider the uniform laws of large numbers. Let F be a class of integrable real-valued
functions with domain X , and let {Xi}ni=1 be a collection of i.i.d. samples from some distribution
P over X . Consider the random variable

∥Pn − P∥F := sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(Xi)− E[f(X)]

∣∣∣∣∣ (40)

which measures the absolute deviation between the sample avergae 1
n

∑n
i=1 f(Xi) and the popula-

tion average E[f(X)], uniformly over the class F . We now introduce a Theorem that bounds the
random variable ∥Pn − P∥F by a multiple of the Rademacher complexity. This result applies to a
b-uniformly bounded function class F satisfying ∥f∥∞ ≤ b for all f ∈ F .

Theorem 4 ([27], Theorem 4.10). For any b-uniformly bounded class of function F , any positive
integer n ≥ 1 and any scalar δ ≥ 0, we have

∥Pn − P∥F ≤ 2Rn(F ) + δ (41)

with P-probability at least 1− exp(−nδ2

2b2
).

The next step is to obtain upper bounds on the Rademacher complexity Rn (F ). Several
techniques are available for this purpose, depending on the properties of the function class under
consideration. In the following, we focus on a method that applies to function classes with finite
Vapnik–Chervonenkis (VC) dimension.

Definition 1. (Shattering and VC dimension) Given a class F of binary-valued functions, we say
that the set xn1 = (x1, . . . , xn) is shattered by F if card(F (xn1 )) = 2n. The VC dimension ν(F ) is
the largest integer n for which there is some collection xn1 = (x1, . . . , xn) of n points that is shattered
by F .

When the quantity ν(F ) is finite, the the function class F is said to be a VC class.

Definition 2. (Dudley’s entropy integral)The Dudley’s entropy integral is defined for a metric
space (T, d) equipped with a probability measure µ. Given a set T and an ϵ-covering, the entropy
of T is the logarithm of the minimum number of balls of radius ϵ required to cover T . Dudley’s
entropy integral is then given by the formula:∫ ∞

0

√
logN(ϵ;T, d) dϵ

where N(ϵ;T, d) is the covering number, i.e. the minimum number of balls of radius ϵ with respect
to the metric d that cover the space T .
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The significance of Dudley’s entropy integral lies in providing a metric entropy measure to assess
the complexity of a space with respect to a given probability distribution.

Lemma 5 ([27], Example 5.24). Let F be a b-uniformly bounded class of binary-valued functions
with finite VC dimension ν ≥ 1. Let F± = F ∪ (−F )∪{0}. By Dudley’s entropy integral for this
signed class, we have

Eε

[
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

εif(xi)

∣∣∣∣∣
]
≤ 24√

n

∫ 2b

0

√
logN(ϵ;F±, ∥ · ∥Pn) dϵ (42)

where we have used the fact that supf,g∈F± ∥f − g∥Pn ≤ 2b. Now by known results on VC classes
and metric entropy, the bound N(ϵ;F±) ≤ 2N(ϵ;F ) + 1 can be absorbed into a universal constant
C ′, so that

N(ϵ;F±, ∥ · ∥Pn) ≤ C ′ν(16e)ν
(
2b

ϵ

)2ν

, 0 < ϵ ≤ 2b, (43)

Substituting the metric entropy bound (43) into the entropy integral (42), we find that there are
universal constants c0 and c′0, depending on b but not on (ν, n), such that

Eε

[
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

εif(xi)

∣∣∣∣∣
]
≤ c0

√
ν

n

[
1 +

∫ 2b

0

√
log(2b/t) dt

]
= c′0

√
ν

n
,

since the integral is finite.

B.3.2 Application to Regret Analysis

We now apply Theorem 4 in our settings. To bound term supu∈[0,1] |LT (u)− L(u)|, we consider the
function class

Fπ0,1 =
{
fu(x) = 1max{m,b}≤u;u ∈ [0, 1]

}
,

where b = π0(x) and x = (x, b,m1b<m). Note that given xt = (xt, bt,mt1bt<mt), we have fu(xt) =
1max{mt,bt}≤u ≤ 1. Suppose {xt = (xt, bt,mt1bt<mt)}Tt=1 are i.i.d. samples from distribution P.
Then, by definition

∥PT − P∥Fπ0,1
:= sup

u∈[0,1]

∣∣∣∣∣ 1T
T∑
t=1

1max{mt,bt}≤u − E(x,m)∼J

[
1max{m,b}≤u

]∣∣∣∣∣
= sup

u∈[0,1]
|LT (u)− L(u)| .

In order to apply the lemma 5 in our setting, we first show that the function class Fπ0,1 is a
VC class.

Lemma 6. ν(Fπ0,1) = 1.
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Proof. For function class Fπ0,1 =
{
fu(x) = 1max{m,b}≤u;u ∈ [0, 1]

}
, we note that, for a point x1

with 0 < max{m1, b1} ≤ 1,

Fπ0,1(x1) = {(fu(x1)|fu ∈ Fπ0,1} = {(1max{m1,b1}≤u)|u ∈ [0, 1]} = {(0), (1)},

which implies that card(Fπ0,1(x1)) = 2. But given two distinct points x1 and x2 satisfying
max{m1, b1} < max{m2, b2},

Fπ0,1(x
2
1) = {(fu(x1), fu(x2))|fu ∈ Fπ0,1}

= {(1max{m1,b1}≤u,1max{m2,b2}≤u)|u ∈ [0, 1]} ⊆ {(0, 0), (1, 0), (1, 1)},

which implies that card(Fπ0,1(x
2
1)) ≤ 3 < 22. If the two maxima agree, there are at most two

patterns. Therefore, we conclude that ν(Fπ0,1) = 1.

It is evident that ∥fu∥∞ ≤ 1 for all fu ∈ Fπ0,1, which indicates that Fπ0,1 is uniformly bounded
by 1. Then, applying Lemma 5, we obtain that, for some universal constant c0,

RT (Fπ0,1) = Ex,ε

[
sup

fu∈Fπ0,1

∣∣∣∣∣ 1T
T∑
i=1

εifu(xi)

∣∣∣∣∣
]
≤ Ex

c0√
T

=
c0√
T
,

To make the CDF bound explicit, the Dvoretzky–Kiefer–Wolfowitz inequality [28] gives, for any
δ ≥ 0,

P
(
∥LT − L∥∞ >

1√
T

+ δ

)
≤ 2e−2(1+

√
Tδ)2 ≤ e−Tδ2/2.

Thus, with probability at least 1− exp(−Tδ2/2),

∥PT − P∥Fπ0,1
= sup

u∈[0,1]
|LT (u)− L(u)| ≤ 1√

T
+ δ.

Therefore, by combining this result with Lemma 3 and inequality (37), and setting δ as ε0δ,

the following holds with probability at least 1− exp(−Tε20δ
2

2 ),

RDRO(π̂T ) ≤
4

κ
sup
π∈Π

sup
u∈[0,1]

∣∣FP̂π(u)− FPπ(u)
∣∣ ≤ 4

κ

[
1

ε0
√
T

+ δ

]
.

C Proofs in Section 4

C.1 Proof of Lemma 4

We first prove the reformulation of dual function (29). By the direct definition of P̂ π
T ,

Er∼P̂π
T
e−r/α =

1

T

T∑
t=1

[1− ǦT (π(xt)) + ǦT (π(xt))e
−(v(xt)−π(xt))/α] = 1− ϕ̌T (α, π).

It follows that φ̌T (α, π) = −α logEr∼P̂π
T
e−r/α − αρ.

Then we apply the dual functions (19) and (29) to establish an upper bound on the regret of
the learning policy. The proof is analogous to the proof of Lemma 3. By following the methods
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applied in Appendix B.2 and substituting the distribution P̂ π with P̂ π
T , we obtain the following

inequalities under Assumption 2,

RDRO(π̂T ) ≤
4

κ
sup
π∈Π

sup
u∈[0,1]

∣∣∣FP̂π
T
(u)− FPπ(u)

∣∣∣
≤ 4

κ

(
sup
π∈Π

sup
u∈[0,1]

∣∣∣FP̂π
T
(u)− FPπ

T
(u)
∣∣∣+ sup

π∈Π
sup

u∈[0,1]

∣∣FPπ
T
(u)− FPπ(u)

∣∣) .

where the last inequality follows from the triangle inequality.

C.2 Proof of Theorem 2

The pseudo-dimension d is the VC dimension of {(x, s) 7→ 1π(x)≥s : π ∈ Π}. We first derive a
bound for a general policy class, and then bound its complexity using d < ∞. Define the function
class

HΠ :=
{
(x,m) 7→ α

(
1− e−rπ(x,m)/α

)
: π ∈ Π, α > 0

}
∪
{
(x,m) 7→ 1rπ(x,m)>0 : π ∈ Π

}
. (44)

This class is 1-uniformly bounded. Write RT (HΠ) for its expected absolute Rademacher complexity
under T i.i.d. samples from J = Q× P , as defined in Appendix B.3.1.

We retain the two-term decomposition and compare exponential moments directly. Define

FΠ := {x 7→ Em∼Ph(x,m) : h ∈ HΠ} , τT := sup
u∈[0,1]

|ǦT (u)−G(u)|+ ∥QT −Q∥FΠ
.

By (27) and (17),

|FP̂π
T
(0)− FPπ(0)| =

∣∣∣∣∣ 1T
T∑
t=1

ǦT (π(xt))1v(xt)−π(xt)>0

− Ex∼QG(π(x))1v(x)−π(x)>0

∣∣∣∣∣
≤ sup

u∈[0,1]
|ǦT (u)−G(u)|+ ∥QT −Q∥FΠ

= τT .

Similarly, since 0 ≤ α(1− e−s/α) ≤ s ≤ 1 for s ∈ [0, 1],

α
∣∣∣Er∼P̂π

T
e−r/α − Er∼Pπe−r/α

∣∣∣
=

∣∣∣∣∣ 1T
T∑
t=1

ǦT (π(xt))α
(
1− e−(v(xt)−π(xt))/α

)
− Ex∼QG(π(x))α

(
1− e−(v(x)−π(x))/α

)∣∣∣∣∣
≤ sup

u∈[0,1]
|ǦT (u)−G(u)|+ ∥QT −Q∥FΠ

= τT .
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If τT ≤ κ/2, Assumption 2 implies FPπ(0) ≥ κ and FP̂π
T
(0) ≥ κ/2 for all π ∈ Π. Hence, for every

α > 0,

|φ̌T (α, π)− φ(α, π)| ≤ 2α

κ

∣∣∣Er∼P̂π
T
e−r/α − Er∼Pπe−r/α

∣∣∣
≤ 2

κ
τT .

The same bound holds at α = 0 by continuity. Applying (12) gives RDRO(π̂T ) ≤ 4τT /κ. If τT > κ/2,
then RDRO(π̂T ) ≤ 1 < 2τT /κ. Thus, in both cases,

RDRO(π̂T ) ≤
4

κ
sup

u∈[0,1]
|ǦT (u)−G(u)|︸ ︷︷ ︸

(a)

+
4

κ
∥QT −Q∥FΠ︸ ︷︷ ︸

(b)

. (45)

Upper bound on Term (a). Write hT (u) = max{Hπ0
T (u), ε0}. Assumption 1 implies |hT −

Hπ0 | ≤ |Hπ0
T −Hπ0 |. Using L = Hπ0G and 0 ≤ G ≤ 1,∣∣ǦT −G

∣∣ = ∣∣∣∣LT − L+G(Hπ0 − hT )

hT

∣∣∣∣ ≤ |LT − L|+ |Hπ0
T −Hπ0 |

ε0
.

The triangle inequality for the reward CDFs therefore gives

sup
π∈Π

∥FP̂π
T
− FPπ

T
∥∞ ≤ sup

u∈[0,1]
|ǦT (u)−G(u)|

≤
∥LT − L∥∞ + ∥Hπ0

T −Hπ0∥∞
ε0

. (46)

Then, we introduce a lemma that provides the bounds for |LT − L| and |Hπ0 −Hπ0
T |.

Lemma 7. For any δ ≥ 0, the following inequalities hold jointly with probability at least 1 −
exp

(
−Tδ2/2

)
:

sup
u∈[0,1]

|LT (u)− L(u)| ≤ 1√
T

+ δ, (47)

sup
u∈[0,1]

∣∣Hπ0
T (u)−Hπ0(u)

∣∣ ≤ 1√
T

+ δ. (48)

Proof. The Dvoretzky–Kiefer–Wolfowitz inequality [28] gives P(∥LT − L∥∞ > z) ≤ 2e−2Tz2 and
the same bound for Hπ0

T . A union bound gives joint failure probability at most

4e−2T (1/
√
T+δ)2 ≤ e−Tδ2/2.

Thus both (47) and (48) hold on the stated event. Independence of these two empirical CDFs is
not required.

By applying Lemma 7, with probability at least 1− exp
(
−Tε20δ

2/2
)
, we have,

sup
u∈[0,1]

|ǦT (u)−G(u)| ≤ 2

ε0

(
1√
T

+ ε0δ

)
=

2

ε0
√
T

+ 2δ. (49)
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Upper bound on Term (b). Given that {xt}Tt=1 are i.i.d. samples from Q,

∥QT −Q∥FΠ
= sup

h∈HΠ

∣∣∣∣∣ 1T
T∑
t=1

Em∼Ph(xt,m)− E(x,m)∼Jh(x,m)

∣∣∣∣∣ .
The class FΠ is 1-uniformly bounded. For independent auxiliary draws m1, . . . ,mT ∼ P , Jensen’s
inequality gives

RT (FΠ) = Ex,ε

[
sup
h∈HΠ

∣∣∣∣∣ 1T
T∑
t=1

εtEmt∼Ph(xt,mt)

∣∣∣∣∣
]

≤ Ex,m,ε

[
sup
h∈HΠ

∣∣∣∣∣ 1T
T∑
t=1

εth(xt,mt)

∣∣∣∣∣
]
= RT (HΠ).

By applying Theorem 4, we obtain

∥QT −Q∥FΠ
≤ 2RT (FΠ) + δ ≤ 2RT (HΠ) + δ, (50)

with probability at least 1− exp(−Tδ2/2).

Regret Upper Bound. Combining (45), (49), and (50), we obtain

RDRO(π̂T ) ≤
4

κ

[
sup

u∈[0,1]
|ǦT (u)−G(u)|+ ∥QT −Q∥FΠ

]

≤ 4

κ

[
2

ε0
√
T

+ 2RT (HΠ) + 3δ

]
, (51)

with probability at least 1−exp(−Tδ2/2)−exp(−Tε20δ
2/2) by a union bound; the events are based

on the same sample.
The bound (51) holds for a general policy class, without requiring finite cardinality or finite

pseudo-dimension.

C.2.1 Policy-Class Complexity Bound

To complete the proof when d < ∞, we establish

RT (HΠ) ≤ C

√
d+ 1

T
. (52)

We bound the covering numbers of HΠ and apply the same entropy-integral argument as in
Lemma 5.

Pseudo-dimension of the reward class. Let UΠ := {rπ : π ∈ Π}. For any fixed (xi,mi, ti)
with ti ≥ 0,

rπ(xi,mi) > ti ⇐⇒ mi ≤ π(xi) < v(xi)− ti. (53)
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For ti < 0, the label is always one. Thus each reward label is determined by the two policy
comparisons at thresholds mi and v(xi)− ti. Sauer’s lemma gives, for 2n ≥ d ≥ 1,

card
{(

1rπ(xi,mi)>ti

)n
i=1

: π ∈ Π
}
≤

d∑
j=0

(
2n

j

)
≤
(
2en

d

)d

.

At n = 5d, (10e)d < 25d, so Pdim(UΠ) ≤ 5d. Strict and weak subgraph conventions have the same
pseudo-dimension: for a finite shattered set, the thresholds can be shifted to preserve all labels of
its finitely many witnessing functions. If d = 0, all policies coincide pointwise, and the reward class
is a singleton.

For any probability measure ν on X × [0, 1] and r, r′ ∈ UΠ, we have

∥r − r′∥2L2(ν)
≤
∫

|r − r′| dν

=

∫ ∫ 1

0

∣∣1r(x,m)>t − 1r′(x,m)>t

∣∣2 dt dν(x,m).

Applying Haussler’s VC covering bound [29] to these binary subgraphs under ν ×Unif[0, 1] yields

N(ϵ;UΠ, L2(ν)) ≤ e(5d+ 1)

(
2e

ϵ2

)5d

, 0 < ϵ ≤ 1, (54)

The class {1rπ>0 : π ∈ Π} is a restriction of the same subgraph class to t = 0, and hence satisfies
the same bound.

Covering the exponential functions. Write kα(s) := α(1−e−s/α), with k0(s) = 0 and k∞(s) =
s denoting its uniform limits on [0, 1]. For α > 0,

0 ≤ kα(s) ≤ s, ∂skα(s) = e−s/α ≤ 1, ∂αkα(s) = 1− (1 + s/α)e−s/α ≥ 0.

For 0 < α < β, the difference kβ − kα is nonnegative and increasing in s, since

∂s(kβ − kα)(s) = e−s/β − e−s/α ≥ 0.

Consequently,
∥kβ − kα∥∞ = kβ(1)− kα(1).

As α increases from zero to infinity, kα(1) increases continuously from zero to one. Therefore,
allowing the two limiting functions as covering centers,

N(ϵ; {kα : α ∈ [0,∞]}, ∥ · ∥∞) ≤ 1 + ⌈1/ϵ⌉.

For any r, r′ ∈ UΠ,

∥kα ◦ r − kβ ◦ r′∥L2(ν) ≤ ∥r − r′∥L2(ν) + ∥kα − kβ∥∞.

Combining an ϵ/2-cover of UΠ with an ϵ/2-cover of the kernels, and then adding the positive-reward
indicator class, gives

N(ϵ;HΠ, L2(ν)) ≤ N(ϵ/2;UΠ, L2(ν)) (1 + ⌈2/ϵ⌉)
+N(ϵ; {1rπ>0 : π ∈ Π}, L2(ν)).
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Covering centers in the closure are admissible, since the empirical Rademacher process is continuous
in the empirical L2 metric. By (54), the signed class H ±

Π := HΠ ∪ (−HΠ)∪{0} therefore satisfies,
for 0 < ϵ ≤ 1,

N(ϵ;H ±
Π , L2(ν)) ≤

11e(5d+ 1)

ϵ

(
8e

ϵ2

)5d

,

where we used 1 + ⌈2/ϵ⌉ ≤ 4/ϵ. Since 5d+ 1 ≤ 6d, it follows that

logN(ϵ;H ±
Π , L2(ν)) ≤ log(11e) + d log

(
6(8e)5

)
+ (10d+ 1) log(1/ϵ)

≤ 12(d+ 1) log(8/ϵ).
(55)

Rademacher Complexity and Regret. Let νT be the empirical distribution of any T points
(xt,mt). Since 0 ∈ H ±

Π and ∥h∥L2(νT ) ≤ 1 for all h ∈ H ±
Π , the covering number equals one for

ϵ > 1. Applying Dudley’s entropy integral as in (42) and Jensen’s inequality,

Eε

[
sup
h∈HΠ

∣∣∣∣∣ 1T
T∑
t=1

εth(xt,mt)

∣∣∣∣∣
]
≤ 24√

T

∫ 1

0

√
logN(ϵ;H ±

Π , L2(νT )) dϵ

≤ 24

√
12(d+ 1)

T

∫ 1

0

√
log(8/ϵ) dϵ

≤ 24
√

12(log 8 + 1)

√
d+ 1

T

< 150

√
d+ 1

T
.

Taking expectation over the sample proves (52) with C = 150. Substituting this bound into (51)
proves (32).
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